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The problem

min
x∈ℝd

f(x) :=
1
n

n

∑
i=1

fi(x)

Dimension Individual 
loss function

Number of data points



Stochastic first order methods

xt+1 = xt − γt ∇fi(xt) i ∼ U({1,…, n})
Stochastic gradient descent

Permutation-based methods
Cyclic gradient descent 

xi+1
t = xi

t − γi
t ∇fi(xi

t) x0
t+1 = xn

t

Random Reshuffling/Shuffle Once 

xi+1
t = xi

t − γi
t ∇fπi

(xi
t) x0

t+1 = xn
t

πi is a random permutation of {1,…, n}



Convergence of different methods

𝔼 [ xT − x*
2] ≤ (1 − γμ)nT x0 − x*

2 +
γ2Lnσ2

*

2μ

Rates of convergence

𝔼 [ xSGD
nT − x*

2] ≤ (1 − γμ)nT x0 − x*
2 +

2γσ2
*

μ

SGD

RR/SO

Cyclic GD

xT − x*
2 ≤ (1 − γμ)nT x0 − x*

2 +
γ2Ln2σ2

*

μ
.

σ2
* :=

1
n

n

∑
i=1

∇fi (x*)
2

Gradient variance at optimum



Inner product reformulation
Reformulation

f(x) :=
1
n

n

∑
i=1

(fi(x) + ⟨ai, x⟩) =
n

∑
i=1

f̃i(x)
n

∑
i=1

ai = 0; f̃i(x) = fi(x) + ⟨ai, x⟩; ∇ f̃i(x) = ∇fi(x) + ai

Application to permutation-based methods

gi
t (xi

t , yt) = ∇fπi (xi
t) − ∇fπi (yt) + ∇f (yt)

The key lemma 

σ̃2
* =

1
n

n

∑
i=1

∇ f̃i (x*)
2

≤ 4L2 yt − x*
2

gi
t (xi

t , yt) = ∇fπi (xi
t) + ai ai = − ∇fπi (yt) + ∇f (yt)

n

∑
i=1

ai = −
n

∑
i=1

∇fπi (yt) +
n

∑
i=1

∇f (yt) = 0

Assume that each  is -smooth and convex. If we apply the 
linear perturbation reformulation using vectors of the form 

, then the gradient variance of 

the reformulated problem at the optimum  can be 
bounded via the distance of the control vector  to  as 

follows:

fi L

ai = − ∇fπi (yt) + ∇f (yt)
x*

yt x*



Description of the algorithms



Theoretical guarantees

Comparison of the variance-reduced convergence results and implementations. 



Experiments
In our experiments we solve the regularized ridge regression problem, which has the finite sum form with 

 

where  and  is a regularization parameter. Note that this problem is strongly convex and satisfies the 

smoothness assumption for  and  

fi(x) =
1
2

Ai,:x − yi
2

+
λ
2

∥x∥2

A ∈ ℝn×d, y ∈ ℝn λ > 0
L = maxi Ai,:

2
+ λ μ = λmin (A⊤A)/n + λ where λmin is the smallest eigenvalue. 

Comparison of methods on cadata, abalone and a1a datasets, we set the regularization constant  and carefully chosen stepsizes.λ = 10/n




