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Introduction
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Decentralized Communication Network
<latexit sha1_base64="2VWI5PT59TvR9cRUCe5+/ZETy2M="></latexit>

V = {1, . . . , n} - set of nodes

<latexit sha1_base64="r9d7WFIgCDricZ54EmrVuliKC/U="></latexit>

E ⇢ V ⇥ V - set of edges

<latexit sha1_base64="50nT1M1snMktZCDsTXabdeNG/PY="></latexit>

Consider a network G = (V, E)



Decentralized Communication
Is done only across edges of the network



Decentralized Communication
Is done only across edges of the network

node 2

can communicate 
across edges

with nodes 1, 3, 4



Decentralized Optimization Problem
<latexit sha1_base64="h5cDEGh8H40slS3EyGfGQoRe4cI="></latexit>

min
x2Rd

X

i2V
fi(x)



Decentralized Optimization Problem
<latexit sha1_base64="h5cDEGh8H40slS3EyGfGQoRe4cI="></latexit>

min
x2Rd

X

i2V
fi(x)

<latexit sha1_base64="Wo+gpu0lBY0+bbNkTb8pTP+S3Gg="></latexit>

fi(x) : Rd ! R
I is stored on node i only
I L-smooth
I µ-strongly convex
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Gossip Matrix

Property 1

<latexit sha1_base64="6h82N8qYlVOyb2gxFLc3LSZzRO4="></latexit>

W 2 Rn⇥n � gossip matrix

<latexit sha1_base64="2BTAO5Tu9VBTWrtdUo2DovFVa4s="></latexit>

Wi,j 6= 0 if and only if (i, j) 2 E or i = j

<latexit sha1_base64="ivS0sm0j1vxfmm31XVCu7c/qviI="></latexit>

(y1, . . . , yn)
> = W · (x1, . . . , xn)

>

<latexit sha1_base64="HVf9nVmX31Wei2MkARDKnvEF9mg="></latexit>

yi 2 span({xj : j is a neighbor of i})
<latexit sha1_base64="pC11HD2WacQXGj/F0ko9CI4rVuM=">AAACDHicbVC7TsMwFL0pr1JeBUaWiAqJqUoKAsYCC2NBfUltVDmu01p17Mh2QFXUX2BjhZ9gQ6z8A//AR+C0GWjLkSwdnfs6Pn7EqNKO823lVlbX1jfym4Wt7Z3dveL+QVOJWGLSwIIJ2faRIoxy0tBUM9KOJEGhz0jLH92m9dYjkYoKXtfjiHghGnAaUIy0kTrdBzoYaiSleOoVS07ZmcJeJm5GSpCh1iv+dPsCxyHhGjOkVMd1Iu0lSGqKGZkUurEiEcIjNCAdQzkKifKSqeWJfWKUvh0IaR7X9lT9O5GgUKlx6JvOEOmhWqyl4n+1TqyDKy+hPIo14Xh2KIiZrYWd/t/uU0mwZmNDEJbUeLXxEEmEtUlpblO9cu0lqbt0T8HE4y6GsUyalbJ7UT67Py9Vb7Kg8nAEx3AKLlxCFe6gBg3AIOAFXuHNerberQ/rc9aas7KZQ5iD9fULMjeb9A==</latexit>

)



Gossip Matrix

Properties 2 and 3

<latexit sha1_base64="6h82N8qYlVOyb2gxFLc3LSZzRO4="></latexit>

W 2 Rn⇥n � gossip matrix

technical assumptions

<latexit sha1_base64="XSdyMjm15HA0afjoh/llHUR3ZW8="></latexit>

kerW � {(x1, . . . , xn) 2 Rn : x1 = . . . = xn}
<latexit sha1_base64="EFia/o3tlAU5nEW+5qWQHGlgnEw="></latexit>

range W ⇢ {(x1, . . . , xn) 2 Rn :
Pn

i=1 xi = 0}



Gossip Matrix

Property 4
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Gossip Matrix

Property 4

<latexit sha1_base64="6h82N8qYlVOyb2gxFLc3LSZzRO4="></latexit>

W 2 Rn⇥n � gossip matrix

<latexit sha1_base64="nzjLfB8EJGo+bZl23mwH0YC45Og="></latexit>

there exists � � 1, such that
<latexit sha1_base64="6Q/oBwiqiHHJuoBRV+XQt8c1Um0="></latexit>

kWx� xk2 
�
1� ��1

�
kxk2 for all x 2 {(x1, . . . , xn) 2 Rn :

Pn
i=1xi = 0}

contraction property

<latexit sha1_base64="J74NCYHA2/41Hb/ft+99DR23/ls="></latexit>

� – condition number of network



Time-varying networks

<latexit sha1_base64="pC11HD2WacQXGj/F0ko9CI4rVuM=">AAACDHicbVC7TsMwFL0pr1JeBUaWiAqJqUoKAsYCC2NBfUltVDmu01p17Mh2QFXUX2BjhZ9gQ6z8A//AR+C0GWjLkSwdnfs6Pn7EqNKO823lVlbX1jfym4Wt7Z3dveL+QVOJWGLSwIIJ2faRIoxy0tBUM9KOJEGhz0jLH92m9dYjkYoKXtfjiHghGnAaUIy0kTrdBzoYaiSleOoVS07ZmcJeJm5GSpCh1iv+dPsCxyHhGjOkVMd1Iu0lSGqKGZkUurEiEcIjNCAdQzkKifKSqeWJfWKUvh0IaR7X9lT9O5GgUKlx6JvOEOmhWqyl4n+1TqyDKy+hPIo14Xh2KIiZrYWd/t/uU0mwZmNDEJbUeLXxEEmEtUlpblO9cu0lqbt0T8HE4y6GsUyalbJ7UT67Py9Vb7Kg8nAEx3AKLlxCFe6gBg3AIOAFXuHNerberQ/rc9aas7KZQ5iD9fULMjeb9A==</latexit>) <latexit sha1_base64="pC11HD2WacQXGj/F0ko9CI4rVuM=">AAACDHicbVC7TsMwFL0pr1JeBUaWiAqJqUoKAsYCC2NBfUltVDmu01p17Mh2QFXUX2BjhZ9gQ6z8A//AR+C0GWjLkSwdnfs6Pn7EqNKO823lVlbX1jfym4Wt7Z3dveL+QVOJWGLSwIIJ2faRIoxy0tBUM9KOJEGhz0jLH92m9dYjkYoKXtfjiHghGnAaUIy0kTrdBzoYaiSleOoVS07ZmcJeJm5GSpCh1iv+dPsCxyHhGjOkVMd1Iu0lSGqKGZkUurEiEcIjNCAdQzkKifKSqeWJfWKUvh0IaR7X9lT9O5GgUKlx6JvOEOmhWqyl4n+1TqyDKy+hPIo14Xh2KIiZrYWd/t/uU0mwZmNDEJbUeLXxEEmEtUlpblO9cu0lqbt0T8HE4y6GsUyalbJ7UT67Py9Vb7Kg8nAEx3AKLlxCFe6gBg3AIOAFXuHNerberQ/rc9aas7KZQ5iD9fULMjeb9A==</latexit>)



Time-varying networks

<latexit sha1_base64="pC11HD2WacQXGj/F0ko9CI4rVuM=">AAACDHicbVC7TsMwFL0pr1JeBUaWiAqJqUoKAsYCC2NBfUltVDmu01p17Mh2QFXUX2BjhZ9gQ6z8A//AR+C0GWjLkSwdnfs6Pn7EqNKO823lVlbX1jfym4Wt7Z3dveL+QVOJWGLSwIIJ2faRIoxy0tBUM9KOJEGhz0jLH92m9dYjkYoKXtfjiHghGnAaUIy0kTrdBzoYaiSleOoVS07ZmcJeJm5GSpCh1iv+dPsCxyHhGjOkVMd1Iu0lSGqKGZkUurEiEcIjNCAdQzkKifKSqeWJfWKUvh0IaR7X9lT9O5GgUKlx6JvOEOmhWqyl4n+1TqyDKy+hPIo14Xh2KIiZrYWd/t/uU0mwZmNDEJbUeLXxEEmEtUlpblO9cu0lqbt0T8HE4y6GsUyalbJ7UT67Py9Vb7Kg8nAEx3AKLlxCFe6gBg3AIOAFXuHNerberQ/rc9aas7KZQ5iD9fULMjeb9A==</latexit>) <latexit sha1_base64="pC11HD2WacQXGj/F0ko9CI4rVuM=">AAACDHicbVC7TsMwFL0pr1JeBUaWiAqJqUoKAsYCC2NBfUltVDmu01p17Mh2QFXUX2BjhZ9gQ6z8A//AR+C0GWjLkSwdnfs6Pn7EqNKO823lVlbX1jfym4Wt7Z3dveL+QVOJWGLSwIIJ2faRIoxy0tBUM9KOJEGhz0jLH92m9dYjkYoKXtfjiHghGnAaUIy0kTrdBzoYaiSleOoVS07ZmcJeJm5GSpCh1iv+dPsCxyHhGjOkVMd1Iu0lSGqKGZkUurEiEcIjNCAdQzkKifKSqeWJfWKUvh0IaR7X9lT9O5GgUKlx6JvOEOmhWqyl4n+1TqyDKy+hPIo14Xh2KIiZrYWd/t/uU0mwZmNDEJbUeLXxEEmEtUlpblO9cu0lqbt0T8HE4y6GsUyalbJ7UT67Py9Vb7Kg8nAEx3AKLlxCFe6gBg3AIOAFXuHNerberQ/rc9aas7KZQ5iD9fULMjeb9A==</latexit>)

<latexit sha1_base64="K08OlGoKHM/x6RJ9BudbZ7xWU0M="></latexit>

G = (V, E) ! Gk = (V, Ek)

W ! W(k)

set of edges and gossip matrix 
change in time



New Algorithm: ADOM+



Problem Reformulation 1
Reformulation via Lifting

<latexit sha1_base64="rJxwWlB03lc5AypDqjNc8bq+Maw=">AAACInicbVDLSgMxFM3UV62vqksXBotQN2WmirqsCuLCRYW+oDMMmTRtQzOZIclIy9Clf+LOrf6EO3El+Al+hJl2Frb1QsjhnHtvTo4XMiqVaX4ZmaXlldW17HpuY3Nreye/u9eQQSQwqeOABaLlIUkY5aSuqGKkFQqCfI+Rpje4SfTmIxGSBrymRiFxfNTjtEsxUppy84e2Tzl04yG09W37SPUxYvH9eAxvi8OTnJsvmCVzUnARWCkogLSqbv7H7gQ48glXmCEp25YZKidGQlHMyDhnR5KECA9Qj7Q15Mgn0oknHxnDY810YDcQ+nAFJ+zfiRj5Uo58T3cmTuW8lpD/ae1IdS+dmPIwUoTj6UPdiEEVwCQV2KGCYMVGGiAsqPYKcR8JhJXObmZTrXzlxIm7ZE8SjzUfxiJolEvWeen04axQuU6DyoIDcASKwAIXoALuQBXUAQZP4AW8gjfj2Xg3PozPaWvGSGf2wUwZ378sc6Md</latexit>

min
x2L

F (x)



Problem Reformulation 1
Reformulation via Lifting

<latexit sha1_base64="rJxwWlB03lc5AypDqjNc8bq+Maw=">AAACInicbVDLSgMxFM3UV62vqksXBotQN2WmirqsCuLCRYW+oDMMmTRtQzOZIclIy9Clf+LOrf6EO3El+Al+hJl2Frb1QsjhnHtvTo4XMiqVaX4ZmaXlldW17HpuY3Nreye/u9eQQSQwqeOABaLlIUkY5aSuqGKkFQqCfI+Rpje4SfTmIxGSBrymRiFxfNTjtEsxUppy84e2Tzl04yG09W37SPUxYvH9eAxvi8OTnJsvmCVzUnARWCkogLSqbv7H7gQ48glXmCEp25YZKidGQlHMyDhnR5KECA9Qj7Q15Mgn0oknHxnDY810YDcQ+nAFJ+zfiRj5Uo58T3cmTuW8lpD/ae1IdS+dmPIwUoTj6UPdiEEVwCQV2KGCYMVGGiAsqPYKcR8JhJXObmZTrXzlxIm7ZE8SjzUfxiJolEvWeen04axQuU6DyoIDcASKwAIXoALuQBXUAQZP4AW8gjfj2Xg3PozPaWvGSGf2wUwZ378sc6Md</latexit>

min
x2L

F (x)

<latexit sha1_base64="EWY8lyD+UanGf3P4GAtb+stOAcc="></latexit>

F (x) =
X

i2V
fi (xi) , where x = (x1, . . . , xn) 2

�
Rd

�V

block-separable function



Problem Reformulation 1
Reformulation via Lifting

<latexit sha1_base64="rJxwWlB03lc5AypDqjNc8bq+Maw=">AAACInicbVDLSgMxFM3UV62vqksXBotQN2WmirqsCuLCRYW+oDMMmTRtQzOZIclIy9Clf+LOrf6EO3El+Al+hJl2Frb1QsjhnHtvTo4XMiqVaX4ZmaXlldW17HpuY3Nreye/u9eQQSQwqeOABaLlIUkY5aSuqGKkFQqCfI+Rpje4SfTmIxGSBrymRiFxfNTjtEsxUppy84e2Tzl04yG09W37SPUxYvH9eAxvi8OTnJsvmCVzUnARWCkogLSqbv7H7gQ48glXmCEp25YZKidGQlHMyDhnR5KECA9Qj7Q15Mgn0oknHxnDY810YDcQ+nAFJ+zfiRj5Uo58T3cmTuW8lpD/ae1IdS+dmPIwUoTj6UPdiEEVwCQV2KGCYMVGGiAsqPYKcR8JhJXObmZTrXzlxIm7ZE8SjzUfxiJolEvWeen04axQuU6DyoIDcASKwAIXoALuQBXUAQZP4AW8gjfj2Xg3PozPaWvGSGf2wUwZ378sc6Md</latexit>

min
x2L

F (x)

<latexit sha1_base64="cECc7ZkLUHV6UarkvEjbhsTL1/c="></latexit>

L =
n
(x1, . . . , xn) 2

�
Rd

�V
: x1 = . . . = xn

o

<latexit sha1_base64="EWY8lyD+UanGf3P4GAtb+stOAcc="></latexit>

F (x) =
X

i2V
fi (xi) , where x = (x1, . . . , xn) 2

�
Rd

�V

consensus space

block-separable function



Problem Reformulation 2
Saddle Point Reformulation

<latexit sha1_base64="rJxwWlB03lc5AypDqjNc8bq+Maw=">AAACInicbVDLSgMxFM3UV62vqksXBotQN2WmirqsCuLCRYW+oDMMmTRtQzOZIclIy9Clf+LOrf6EO3El+Al+hJl2Frb1QsjhnHtvTo4XMiqVaX4ZmaXlldW17HpuY3Nreye/u9eQQSQwqeOABaLlIUkY5aSuqGKkFQqCfI+Rpje4SfTmIxGSBrymRiFxfNTjtEsxUppy84e2Tzl04yG09W37SPUxYvH9eAxvi8OTnJsvmCVzUnARWCkogLSqbv7H7gQ48glXmCEp25YZKidGQlHMyDhnR5KECA9Qj7Q15Mgn0oknHxnDY810YDcQ+nAFJ+zfiRj5Uo58T3cmTuW8lpD/ae1IdS+dmPIwUoTj6UPdiEEVwCQV2KGCYMVGGiAsqPYKcR8JhJXObmZTrXzlxIm7ZE8SjzUfxiJolEvWeen04axQuU6DyoIDcASKwAIXoALuQBXUAQZP4AW8gjfj2Xg3PozPaWvGSGf2wUwZ378sc6Md</latexit>

min
x2L

F (x)



Problem Reformulation 2
Saddle Point Reformulation

<latexit sha1_base64="rJxwWlB03lc5AypDqjNc8bq+Maw=">AAACInicbVDLSgMxFM3UV62vqksXBotQN2WmirqsCuLCRYW+oDMMmTRtQzOZIclIy9Clf+LOrf6EO3El+Al+hJl2Frb1QsjhnHtvTo4XMiqVaX4ZmaXlldW17HpuY3Nreye/u9eQQSQwqeOABaLlIUkY5aSuqGKkFQqCfI+Rpje4SfTmIxGSBrymRiFxfNTjtEsxUppy84e2Tzl04yG09W37SPUxYvH9eAxvi8OTnJsvmCVzUnARWCkogLSqbv7H7gQ48glXmCEp25YZKidGQlHMyDhnR5KECA9Qj7Q15Mgn0oknHxnDY810YDcQ+nAFJ+zfiRj5Uo58T3cmTuW8lpD/ae1IdS+dmPIwUoTj6UPdiEEVwCQV2KGCYMVGGiAsqPYKcR8JhJXObmZTrXzlxIm7ZE8SjzUfxiJolEvWeen04axQuU6DyoIDcASKwAIXoALuQBXUAQZP4AW8gjfj2Xg3PozPaWvGSGf2wUwZ378sc6Md</latexit>

min
x2L

F (x)
<latexit sha1_base64="dXv4CVcQsGfMAN/i3BxvZZyLVdA="></latexit>

min
x,w2(Rd)V

F (x)� ⌫

2
kxk2 + ⌫

2
kwk2

<latexit sha1_base64="qhjmgJG7Om8fGKqifmVEh4qcpbg="></latexit>

s.t. x = w, x 2 L



Problem Reformulation 2
Saddle Point Reformulation

<latexit sha1_base64="rJxwWlB03lc5AypDqjNc8bq+Maw=">AAACInicbVDLSgMxFM3UV62vqksXBotQN2WmirqsCuLCRYW+oDMMmTRtQzOZIclIy9Clf+LOrf6EO3El+Al+hJl2Frb1QsjhnHtvTo4XMiqVaX4ZmaXlldW17HpuY3Nreye/u9eQQSQwqeOABaLlIUkY5aSuqGKkFQqCfI+Rpje4SfTmIxGSBrymRiFxfNTjtEsxUppy84e2Tzl04yG09W37SPUxYvH9eAxvi8OTnJsvmCVzUnARWCkogLSqbv7H7gQ48glXmCEp25YZKidGQlHMyDhnR5KECA9Qj7Q15Mgn0oknHxnDY810YDcQ+nAFJ+zfiRj5Uo58T3cmTuW8lpD/ae1IdS+dmPIwUoTj6UPdiEEVwCQV2KGCYMVGGiAsqPYKcR8JhJXObmZTrXzlxIm7ZE8SjzUfxiJolEvWeen04axQuU6DyoIDcASKwAIXoALuQBXUAQZP4AW8gjfj2Xg3PozPaWvGSGf2wUwZ378sc6Md</latexit>

min
x2L

F (x)
<latexit sha1_base64="dXv4CVcQsGfMAN/i3BxvZZyLVdA="></latexit>

min
x,w2(Rd)V

F (x)� ⌫

2
kxk2 + ⌫

2
kwk2

<latexit sha1_base64="qhjmgJG7Om8fGKqifmVEh4qcpbg="></latexit>

s.t. x = w, x 2 L

<latexit sha1_base64="O8S5SrPqoVPCKDkP5EXq3RvNf+c=">AAACEnicbVDLSsNAFJ3UV62PRl26GSxCBSlJFXVZdeOyQl/QhDKZTtuhk0mYh1BC/8KdW/0Jd+LWH/Af/AgnbRa29cDA4Zx77xxOEDMqleN8W7m19Y3Nrfx2YWd3b79oHxy2ZKQFJk0csUh0AiQJo5w0FVWMdGJBUBgw0g7G96nffiJC0og31CQmfoiGnA4oRspIPbvocQ09ysvOOfRCfdazS07FmQGuEjcjJZCh3rN/vH6EdUi4wgxJ2XWdWPkJEopiRqYFT0sSIzxGQ9I1lKOQSD+ZBZ/CU6P04SAS5nEFZ+rfjQSFUk7CwEyGSI3kspeK/3ldrQY3fkJ5rBXheP7RQDOoIpi2APtUEKzYxBCEBTVZIR4hgbAyXS1calRv/SRNl94pmHrc5TJWSataca8qF4+XpdpdVlQeHIMTUAYuuAY18ADqoAkw0OAFvII369l6tz6sz/lozsp2jsACrK9fdPucZQ==</latexit>

⌫ 2 (0, µ)



Problem Reformulation 2
Saddle Point Reformulation

<latexit sha1_base64="rJxwWlB03lc5AypDqjNc8bq+Maw=">AAACInicbVDLSgMxFM3UV62vqksXBotQN2WmirqsCuLCRYW+oDMMmTRtQzOZIclIy9Clf+LOrf6EO3El+Al+hJl2Frb1QsjhnHtvTo4XMiqVaX4ZmaXlldW17HpuY3Nreye/u9eQQSQwqeOABaLlIUkY5aSuqGKkFQqCfI+Rpje4SfTmIxGSBrymRiFxfNTjtEsxUppy84e2Tzl04yG09W37SPUxYvH9eAxvi8OTnJsvmCVzUnARWCkogLSqbv7H7gQ48glXmCEp25YZKidGQlHMyDhnR5KECA9Qj7Q15Mgn0oknHxnDY810YDcQ+nAFJ+zfiRj5Uo58T3cmTuW8lpD/ae1IdS+dmPIwUoTj6UPdiEEVwCQV2KGCYMVGGiAsqPYKcR8JhJXObmZTrXzlxIm7ZE8SjzUfxiJolEvWeen04axQuU6DyoIDcASKwAIXoALuQBXUAQZP4AW8gjfj2Xg3PozPaWvGSGf2wUwZ378sc6Md</latexit>

min
x2L

F (x)
<latexit sha1_base64="dXv4CVcQsGfMAN/i3BxvZZyLVdA="></latexit>

min
x,w2(Rd)V

F (x)� ⌫

2
kxk2 + ⌫

2
kwk2

<latexit sha1_base64="qhjmgJG7Om8fGKqifmVEh4qcpbg="></latexit>

s.t. x = w, x 2 L

<latexit sha1_base64="O8S5SrPqoVPCKDkP5EXq3RvNf+c=">AAACEnicbVDLSsNAFJ3UV62PRl26GSxCBSlJFXVZdeOyQl/QhDKZTtuhk0mYh1BC/8KdW/0Jd+LWH/Af/AgnbRa29cDA4Zx77xxOEDMqleN8W7m19Y3Nrfx2YWd3b79oHxy2ZKQFJk0csUh0AiQJo5w0FVWMdGJBUBgw0g7G96nffiJC0og31CQmfoiGnA4oRspIPbvocQ09ysvOOfRCfdazS07FmQGuEjcjJZCh3rN/vH6EdUi4wgxJ2XWdWPkJEopiRqYFT0sSIzxGQ9I1lKOQSD+ZBZ/CU6P04SAS5nEFZ+rfjQSFUk7CwEyGSI3kspeK/3ldrQY3fkJ5rBXheP7RQDOoIpi2APtUEKzYxBCEBTVZIR4hgbAyXS1calRv/SRNl94pmHrc5TJWSataca8qF4+XpdpdVlQeHIMTUAYuuAY18ADqoAkw0OAFvII369l6tz6sz/lozsp2jsACrK9fdPucZQ==</latexit>

⌫ 2 (0, µ)

<latexit sha1_base64="SwEbAKdYoWWlktW+E4rzjybDLII="></latexit>

min
x,w2(Rd)V

max
y2(Rd)V

max
z2L?

F (x)� ⌫

2
kxk2 + ⌫

2
kwk2 + hy, w � xi+ hz, wi



Problem Reformulation 2
Saddle Point Reformulation

<latexit sha1_base64="SwEbAKdYoWWlktW+E4rzjybDLII="></latexit>

min
x,w2(Rd)V

max
y2(Rd)V

max
z2L?

F (x)� ⌫

2
kxk2 + ⌫

2
kwk2 + hy, w � xi+ hz, wi



Problem Reformulation 2
Saddle Point Reformulation

<latexit sha1_base64="SwEbAKdYoWWlktW+E4rzjybDLII="></latexit>

min
x,w2(Rd)V

max
y2(Rd)V

max
z2L?

F (x)� ⌫

2
kxk2 + ⌫

2
kwk2 + hy, w � xi+ hz, wi

<latexit sha1_base64="V/BiOOFen4mpAXCJltiC26Z7CEo="></latexit>

min
x2(Rd)V

max
y2(Rd)V

max
z2L?

F (x)� ⌫

2
kxk2 � hy, xi � 1

2⌫
ky + zk2



Problem Reformulation 3
Monotone Inclusion Reformulation

<latexit sha1_base64="V/BiOOFen4mpAXCJltiC26Z7CEo="></latexit>

min
x2(Rd)V

max
y2(Rd)V

max
z2L?

F (x)� ⌫

2
kxk2 � hy, xi � 1

2⌫
ky + zk2



Problem Reformulation 3
Monotone Inclusion Reformulation

<latexit sha1_base64="V/BiOOFen4mpAXCJltiC26Z7CEo="></latexit>

min
x2(Rd)V

max
y2(Rd)V

max
z2L?

F (x)� ⌫

2
kxk2 � hy, xi � 1

2⌫
ky + zk2

<latexit sha1_base64="99Q3770YGU69/CeenU3VIhzW9x8="></latexit>

0 = rF (x⇤)� ⌫x⇤ � y⇤

0 = ⌫�1 (y⇤ + z⇤) + x⇤

L 3 y⇤ + z⇤

<latexit sha1_base64="u8F09LNowUf/EYVniTQ681YY4lI="></latexit>

(x⇤, y⇤, z⇤) 2
�
Rd

�V ⇥
�
Rd

�V ⇥ L?

optimality conditions



Problem Reformulation 3
Monotone Inclusion Reformulation

<latexit sha1_base64="u8F09LNowUf/EYVniTQ681YY4lI="></latexit>

(x⇤, y⇤, z⇤) 2
�
Rd

�V ⇥
�
Rd

�V ⇥ L?

<latexit sha1_base64="vlCA8RVzhiROkuf1KEAlVyXaEVM=">AAACJnicbVDLTgIxFO3gC/GFunTTSEwQDZlBo25MADcuMeGVwEA6pQMNnUfajnGc8AH+iTu3+hPujHHnB/gRdoCFgCe5yck5997eHstnVEhd/9ISS8srq2vJ9dTG5tb2Tnp3ry68gGNSwx7zeNNCgjDqkpqkkpGmzwlyLEYa1vAm9hv3hAvquVUZ+sR0UN+lNsVIKqmbzpSyD53caajqsZM7hiewPCtcQ1116Xl9DLhIjCnJgCkq3fRPu+fhwCGuxAwJ0TJ0X5oR4pJiRkapdiCIj/AQ9UlLURc5RJjR+DMjeKSUHrQ9rsqVcKz+nYiQI0ToWKrTQXIg5r1Y/M9rBdK+MiPq+oEkLp48ZAcMSg/GycAe5QRLFiqCMKfqVogHiCMsVX4zm6qFkhnF18V7UioeYz6MRVIv5I2L/NndeaZYngaVBAfgEGSBAS5BEdyCCqgBDJ7AC3gFb9qz9q59aJ+T1oQ2ndkHM9C+fwHf9KGD</latexit>

A(x⇤, y⇤, z⇤) +B(x⇤, y⇤, z⇤) = 0

<latexit sha1_base64="u8F09LNowUf/EYVniTQ681YY4lI="></latexit>

(x⇤, y⇤, z⇤) 2
�
Rd

�V ⇥
�
Rd

�V ⇥ L?

<latexit sha1_base64="99Q3770YGU69/CeenU3VIhzW9x8="></latexit>

0 = rF (x⇤)� ⌫x⇤ � y⇤

0 = ⌫�1 (y⇤ + z⇤) + x⇤

L 3 y⇤ + z⇤



Problem Reformulation 3
Monotone Inclusion Reformulation

<latexit sha1_base64="ShjUJFNRlIoFMHy0KJlt77h9wrY="></latexit>

A(x, y, z) =

2

4
rF (x)� ⌫x
⌫�1(y + z)
P⌫�1(y + z)

3

5 B(x, y, z) =

2

4
�y
x
0

3

5

monotone operators

<latexit sha1_base64="u8F09LNowUf/EYVniTQ681YY4lI="></latexit>

(x⇤, y⇤, z⇤) 2
�
Rd

�V ⇥
�
Rd

�V ⇥ L?

<latexit sha1_base64="vlCA8RVzhiROkuf1KEAlVyXaEVM=">AAACJnicbVDLTgIxFO3gC/GFunTTSEwQDZlBo25MADcuMeGVwEA6pQMNnUfajnGc8AH+iTu3+hPujHHnB/gRdoCFgCe5yck5997eHstnVEhd/9ISS8srq2vJ9dTG5tb2Tnp3ry68gGNSwx7zeNNCgjDqkpqkkpGmzwlyLEYa1vAm9hv3hAvquVUZ+sR0UN+lNsVIKqmbzpSyD53caajqsZM7hiewPCtcQ1116Xl9DLhIjCnJgCkq3fRPu+fhwCGuxAwJ0TJ0X5oR4pJiRkapdiCIj/AQ9UlLURc5RJjR+DMjeKSUHrQ9rsqVcKz+nYiQI0ToWKrTQXIg5r1Y/M9rBdK+MiPq+oEkLp48ZAcMSg/GycAe5QRLFiqCMKfqVogHiCMsVX4zm6qFkhnF18V7UioeYz6MRVIv5I2L/NndeaZYngaVBAfgEGSBAS5BEdyCCqgBDJ7AC3gFb9qz9q59aJ+T1oQ2ndkHM9C+fwHf9KGD</latexit>

A(x⇤, y⇤, z⇤) +B(x⇤, y⇤, z⇤) = 0

<latexit sha1_base64="u8F09LNowUf/EYVniTQ681YY4lI="></latexit>

(x⇤, y⇤, z⇤) 2
�
Rd

�V ⇥
�
Rd

�V ⇥ L?

<latexit sha1_base64="99Q3770YGU69/CeenU3VIhzW9x8="></latexit>

0 = rF (x⇤)� ⌫x⇤ � y⇤

0 = ⌫�1 (y⇤ + z⇤) + x⇤

L 3 y⇤ + z⇤



Problem Reformulation 3
Monotone Inclusion Reformulation

<latexit sha1_base64="ShjUJFNRlIoFMHy0KJlt77h9wrY="></latexit>

A(x, y, z) =

2

4
rF (x)� ⌫x
⌫�1(y + z)
P⌫�1(y + z)

3

5 B(x, y, z) =

2

4
�y
x
0

3

5

monotone operators

<latexit sha1_base64="u8F09LNowUf/EYVniTQ681YY4lI="></latexit>

(x⇤, y⇤, z⇤) 2
�
Rd

�V ⇥
�
Rd

�V ⇥ L?

<latexit sha1_base64="vlCA8RVzhiROkuf1KEAlVyXaEVM=">AAACJnicbVDLTgIxFO3gC/GFunTTSEwQDZlBo25MADcuMeGVwEA6pQMNnUfajnGc8AH+iTu3+hPujHHnB/gRdoCFgCe5yck5997eHstnVEhd/9ISS8srq2vJ9dTG5tb2Tnp3ry68gGNSwx7zeNNCgjDqkpqkkpGmzwlyLEYa1vAm9hv3hAvquVUZ+sR0UN+lNsVIKqmbzpSyD53caajqsZM7hiewPCtcQ1116Xl9DLhIjCnJgCkq3fRPu+fhwCGuxAwJ0TJ0X5oR4pJiRkapdiCIj/AQ9UlLURc5RJjR+DMjeKSUHrQ9rsqVcKz+nYiQI0ToWKrTQXIg5r1Y/M9rBdK+MiPq+oEkLp48ZAcMSg/GycAe5QRLFiqCMKfqVogHiCMsVX4zm6qFkhnF18V7UioeYz6MRVIv5I2L/NndeaZYngaVBAfgEGSBAS5BEdyCCqgBDJ7AC3gFb9qz9q59aJ+T1oQ2ndkHM9C+fwHf9KGD</latexit>

A(x⇤, y⇤, z⇤) +B(x⇤, y⇤, z⇤) = 0

<latexit sha1_base64="VV2AvXXMNTl5veliepkYk1jnrFM="></latexit>

P – orthogonal projection matrix onto L?



Algorithm Design

<latexit sha1_base64="Vq0lmeOE8myDZDNHcu8X+rtJfWs="></latexit>�
x+, y+, z+

�
= J!B [(x, y, z)� !A(x, y, z)]

Forward-Backward Algorithm



Algorithm Design

<latexit sha1_base64="Vq0lmeOE8myDZDNHcu8X+rtJfWs="></latexit>�
x+, y+, z+

�
= J!B [(x, y, z)� !A(x, y, z)]

Forward-Backward Algorithm

<latexit sha1_base64="MgncbXbjce7j66v1cYy+q9PSHL8=">AAACHXicbVDJSgNBFOxxN25Rb3ppDIKXhBkV9ehy8aiQRcgMoafzJmnsWeh+I8Yh4J9486o/4U28iv/gR9iT5GCMBQ1F1du6/EQKjbb9ZU1Nz8zOzS8sFpaWV1bXiusbdR2nikONxzJWNz7TIEUENRQo4SZRwEJfQsO/vcj9xh0oLeKoir0EvJB1IhEIztBIreKWG4fQYdRFuMeMlstUIyRaPEC/VSzZFXsAOkmcESmREa5axW+3HfM0hAi5ZFo3HTtBL2MKBZfQL7iphoTxW9aBpqERC0F72eAPfbprlDYNYmVehHSg/u7IWKh1L/RNZciwq/96ufif10wxOPEyESUpQsSHi4JUUoxpHghtCwUcZc8QxpUwt1LeZYpxNLGNTarun3lZfl0+p2Dicf6GMUnq+xXnqHJwfVg6PR8FtUC2yQ7ZIw45JqfkklyRGuHkkTyTF/JqPVlv1rv1MSydskY9m2QM1ucPlsah5Q==</latexit>

! – stepsize



Algorithm Design

<latexit sha1_base64="Vq0lmeOE8myDZDNHcu8X+rtJfWs="></latexit>�
x+, y+, z+

�
= J!B [(x, y, z)� !A(x, y, z)]

Forward-Backward Algorithm

<latexit sha1_base64="MgncbXbjce7j66v1cYy+q9PSHL8=">AAACHXicbVDJSgNBFOxxN25Rb3ppDIKXhBkV9ehy8aiQRcgMoafzJmnsWeh+I8Yh4J9486o/4U28iv/gR9iT5GCMBQ1F1du6/EQKjbb9ZU1Nz8zOzS8sFpaWV1bXiusbdR2nikONxzJWNz7TIEUENRQo4SZRwEJfQsO/vcj9xh0oLeKoir0EvJB1IhEIztBIreKWG4fQYdRFuMeMlstUIyRaPEC/VSzZFXsAOkmcESmREa5axW+3HfM0hAi5ZFo3HTtBL2MKBZfQL7iphoTxW9aBpqERC0F72eAPfbprlDYNYmVehHSg/u7IWKh1L/RNZciwq/96ufif10wxOPEyESUpQsSHi4JUUoxpHghtCwUcZc8QxpUwt1LeZYpxNLGNTarun3lZfl0+p2Dicf6GMUnq+xXnqHJwfVg6PR8FtUC2yQ7ZIw45JqfkklyRGuHkkTyTF/JqPVlv1rv1MSydskY9m2QM1ucPlsah5Q==</latexit>

! – stepsize

<latexit sha1_base64="O7/JpPfJ1JrfrkBo6Rlkbi5Ihj8="></latexit>

J!B = (I + !B)�1 – resolvent

identity mapping



Algorithm Design

<latexit sha1_base64="Vq0lmeOE8myDZDNHcu8X+rtJfWs="></latexit>�
x+, y+, z+

�
= J!B [(x, y, z)� !A(x, y, z)]

Forward-Backward Algorithm

+

<latexit sha1_base64="MgncbXbjce7j66v1cYy+q9PSHL8=">AAACHXicbVDJSgNBFOxxN25Rb3ppDIKXhBkV9ehy8aiQRcgMoafzJmnsWeh+I8Yh4J9486o/4U28iv/gR9iT5GCMBQ1F1du6/EQKjbb9ZU1Nz8zOzS8sFpaWV1bXiusbdR2nikONxzJWNz7TIEUENRQo4SZRwEJfQsO/vcj9xh0oLeKoir0EvJB1IhEIztBIreKWG4fQYdRFuMeMlstUIyRaPEC/VSzZFXsAOkmcESmREa5axW+3HfM0hAi5ZFo3HTtBL2MKBZfQL7iphoTxW9aBpqERC0F72eAPfbprlDYNYmVehHSg/u7IWKh1L/RNZciwq/96ufif10wxOPEyESUpQsSHi4JUUoxpHghtCwUcZc8QxpUwt1LeZYpxNLGNTarun3lZfl0+p2Dicf6GMUnq+xXnqHJwfVg6PR8FtUC2yQ7ZIw45JqfkklyRGuHkkTyTF/JqPVlv1rv1MSydskY9m2QM1ucPlsah5Q==</latexit>

! – stepsize

<latexit sha1_base64="O7/JpPfJ1JrfrkBo6Rlkbi5Ihj8="></latexit>

J!B = (I + !B)�1 – resolvent

identity mapping



Algorithm Design

<latexit sha1_base64="Vq0lmeOE8myDZDNHcu8X+rtJfWs="></latexit>�
x+, y+, z+

�
= J!B [(x, y, z)� !A(x, y, z)]

Forward-Backward Algorithm

Nesterov Acceleration
+

<latexit sha1_base64="MgncbXbjce7j66v1cYy+q9PSHL8=">AAACHXicbVDJSgNBFOxxN25Rb3ppDIKXhBkV9ehy8aiQRcgMoafzJmnsWeh+I8Yh4J9486o/4U28iv/gR9iT5GCMBQ1F1du6/EQKjbb9ZU1Nz8zOzS8sFpaWV1bXiusbdR2nikONxzJWNz7TIEUENRQo4SZRwEJfQsO/vcj9xh0oLeKoir0EvJB1IhEIztBIreKWG4fQYdRFuMeMlstUIyRaPEC/VSzZFXsAOkmcESmREa5axW+3HfM0hAi5ZFo3HTtBL2MKBZfQL7iphoTxW9aBpqERC0F72eAPfbprlDYNYmVehHSg/u7IWKh1L/RNZciwq/96ufif10wxOPEyESUpQsSHi4JUUoxpHghtCwUcZc8QxpUwt1LeZYpxNLGNTarun3lZfl0+p2Dicf6GMUnq+xXnqHJwfVg6PR8FtUC2yQ7ZIw45JqfkklyRGuHkkTyTF/JqPVlv1rv1MSydskY9m2QM1ucPlsah5Q==</latexit>

! – stepsize

<latexit sha1_base64="O7/JpPfJ1JrfrkBo6Rlkbi5Ihj8="></latexit>

J!B = (I + !B)�1 – resolvent

identity mapping



Algorithm Design

<latexit sha1_base64="Vq0lmeOE8myDZDNHcu8X+rtJfWs="></latexit>�
x+, y+, z+

�
= J!B [(x, y, z)� !A(x, y, z)]

Forward-Backward Algorithm

Nesterov Acceleration
+ <latexit sha1_base64="MUlerBXxDsh0ITBgxhYYDHFCK2E="></latexit>

A(x, y, z) =

2

4
rF (x)� ⌫x
⌫�1(y + z)
P⌫�1(y + z)

3

5



Algorithm Design

<latexit sha1_base64="Vq0lmeOE8myDZDNHcu8X+rtJfWs="></latexit>�
x+, y+, z+

�
= J!B [(x, y, z)� !A(x, y, z)]

Forward-Backward Algorithm

Nesterov Acceleration
+ <latexit sha1_base64="MUlerBXxDsh0ITBgxhYYDHFCK2E="></latexit>

A(x, y, z) =

2

4
rF (x)� ⌫x
⌫�1(y + z)
P⌫�1(y + z)

3

5

<latexit sha1_base64="vm+WUZk94pgXVY5Bc7+oimI9xkg="></latexit>

P =

✓
In � 1

n
1n1

>
n

◆
⌦ Id



Algorithm Design

<latexit sha1_base64="Vq0lmeOE8myDZDNHcu8X+rtJfWs="></latexit>�
x+, y+, z+

�
= J!B [(x, y, z)� !A(x, y, z)]

Forward-Backward Algorithm

Nesterov Acceleration
+ <latexit sha1_base64="MUlerBXxDsh0ITBgxhYYDHFCK2E="></latexit>

A(x, y, z) =

2

4
rF (x)� ⌫x
⌫�1(y + z)
P⌫�1(y + z)

3

5

<latexit sha1_base64="vm+WUZk94pgXVY5Bc7+oimI9xkg="></latexit>

P =

✓
In � 1

n
1n1

>
n

◆
⌦ Id

requires full averaging over the network



Algorithm Design

<latexit sha1_base64="Vq0lmeOE8myDZDNHcu8X+rtJfWs="></latexit>�
x+, y+, z+

�
= J!B [(x, y, z)� !A(x, y, z)]

Forward-Backward Algorithm

Nesterov Acceleration
+ <latexit sha1_base64="MUlerBXxDsh0ITBgxhYYDHFCK2E="></latexit>

A(x, y, z) =

2

4
rF (x)� ⌫x
⌫�1(y + z)
P⌫�1(y + z)

3

5

<latexit sha1_base64="37zGNu8eUBbJfehO+c0jAOnyaOg="></latexit>

replace P⌫�1(y + z) with (W(k)⌦ Id) ⌫
�1(y + z)



Biased Gradient vs Projected Gradient
<latexit sha1_base64="PHHSJHOW067KeUiboz6XT90Tdqo="></latexit>

(W(k)⌦ Id) ⌫
�1(y + z)

<latexit sha1_base64="JbdC7mEjdxXaUSRE+QtW8F80WF0=">AAACG3icbVDLSgMxFM3UV62vqhvBTbAIFbHMVFGXVTcuK/QFnbFk0kwbmskMSUaoQ/0Td271J9yJWxf+gx9hpp2FbT0QOJz7OjluyKhUpvltZBYWl5ZXsqu5tfWNza389k5DBpHApI4DFoiWiyRhlJO6ooqRVigI8l1Gmu7gJqk3H4iQNOA1NQyJ46Mepx7FSGmpk9+zfaT6rhdXR9Dm0X18Yo2Kw+PHo06+YJbMMeA8sVJSACmqnfyP3Q1w5BOuMENSti0zVE6MhKKYkVHOjiQJER6gHmlrypFPpBOPfzCCh1rpQi8Q+nEFx+rfiRj5Ug59V3cmfuVsLRH/q7Uj5V06MeVhpAjHk0NexKAKYBIH7FJBsGJDTRAWVHuFuI8EwkqHNrWpVr5y4sRdsien47Fmw5gnjXLJOi+d3p0VKtdpUFmwDw5AEVjgAlTALaiCOsDgCbyAV/BmPBvvxofxOWnNGOnMLpiC8fULe8qgug==</latexit>

P⌫�1(y + z)vs



Biased Gradient vs Projected Gradient
<latexit sha1_base64="PHHSJHOW067KeUiboz6XT90Tdqo="></latexit>

(W(k)⌦ Id) ⌫
�1(y + z)

Recall property 1

<latexit sha1_base64="JbdC7mEjdxXaUSRE+QtW8F80WF0=">AAACG3icbVDLSgMxFM3UV62vqhvBTbAIFbHMVFGXVTcuK/QFnbFk0kwbmskMSUaoQ/0Td271J9yJWxf+gx9hpp2FbT0QOJz7OjluyKhUpvltZBYWl5ZXsqu5tfWNza389k5DBpHApI4DFoiWiyRhlJO6ooqRVigI8l1Gmu7gJqk3H4iQNOA1NQyJ46Mepx7FSGmpk9+zfaT6rhdXR9Dm0X18Yo2Kw+PHo06+YJbMMeA8sVJSACmqnfyP3Q1w5BOuMENSti0zVE6MhKKYkVHOjiQJER6gHmlrypFPpBOPfzCCh1rpQi8Q+nEFx+rfiRj5Ug59V3cmfuVsLRH/q7Uj5V06MeVhpAjHk0NexKAKYBIH7FJBsGJDTRAWVHuFuI8EwkqHNrWpVr5y4sRdsien47Fmw5gnjXLJOi+d3p0VKtdpUFmwDw5AEVjgAlTALaiCOsDgCbyAV/BmPBvvxofxOWnNGOnMLpiC8fULe8qgug==</latexit>

P⌫�1(y + z)vs

<latexit sha1_base64="2BTAO5Tu9VBTWrtdUo2DovFVa4s="></latexit>

Wi,j 6= 0 if and only if (i, j) 2 E or i = j



Biased Gradient vs Projected Gradient
<latexit sha1_base64="PHHSJHOW067KeUiboz6XT90Tdqo="></latexit>

(W(k)⌦ Id) ⌫
�1(y + z)

Recall property 1

<latexit sha1_base64="JbdC7mEjdxXaUSRE+QtW8F80WF0=">AAACG3icbVDLSgMxFM3UV62vqhvBTbAIFbHMVFGXVTcuK/QFnbFk0kwbmskMSUaoQ/0Td271J9yJWxf+gx9hpp2FbT0QOJz7OjluyKhUpvltZBYWl5ZXsqu5tfWNza389k5DBpHApI4DFoiWiyRhlJO6ooqRVigI8l1Gmu7gJqk3H4iQNOA1NQyJ46Mepx7FSGmpk9+zfaT6rhdXR9Dm0X18Yo2Kw+PHo06+YJbMMeA8sVJSACmqnfyP3Q1w5BOuMENSti0zVE6MhKKYkVHOjiQJER6gHmlrypFPpBOPfzCCh1rpQi8Q+nEFx+rfiRj5Ug59V3cmfuVsLRH/q7Uj5V06MeVhpAjHk0NexKAKYBIH7FJBsGJDTRAWVHuFuI8EwkqHNrWpVr5y4sRdsien47Fmw5gnjXLJOi+d3p0VKtdpUFmwDw5AEVjgAlTALaiCOsDgCbyAV/BmPBvvxofxOWnNGOnMLpiC8fULe8qgug==</latexit>

P⌫�1(y + z)vs

<latexit sha1_base64="2BTAO5Tu9VBTWrtdUo2DovFVa4s="></latexit>

Wi,j 6= 0 if and only if (i, j) 2 E or i = j

<latexit sha1_base64="dMLd2wgxmO67DrRQ3JR54m/aen0="></latexit>

(W(k)⌦ Id) ⌫
�1(y + z) can be computed with decentralized communication



Biased Gradient vs Projected Gradient
<latexit sha1_base64="PHHSJHOW067KeUiboz6XT90Tdqo="></latexit>

(W(k)⌦ Id) ⌫
�1(y + z)

Recall property 3
<latexit sha1_base64="EFia/o3tlAU5nEW+5qWQHGlgnEw="></latexit>

range W ⇢ {(x1, . . . , xn) 2 Rn :
Pn

i=1 xi = 0}

<latexit sha1_base64="JbdC7mEjdxXaUSRE+QtW8F80WF0=">AAACG3icbVDLSgMxFM3UV62vqhvBTbAIFbHMVFGXVTcuK/QFnbFk0kwbmskMSUaoQ/0Td271J9yJWxf+gx9hpp2FbT0QOJz7OjluyKhUpvltZBYWl5ZXsqu5tfWNza389k5DBpHApI4DFoiWiyRhlJO6ooqRVigI8l1Gmu7gJqk3H4iQNOA1NQyJ46Mepx7FSGmpk9+zfaT6rhdXR9Dm0X18Yo2Kw+PHo06+YJbMMeA8sVJSACmqnfyP3Q1w5BOuMENSti0zVE6MhKKYkVHOjiQJER6gHmlrypFPpBOPfzCCh1rpQi8Q+nEFx+rfiRj5Ug59V3cmfuVsLRH/q7Uj5V06MeVhpAjHk0NexKAKYBIH7FJBsGJDTRAWVHuFuI8EwkqHNrWpVr5y4sRdsien47Fmw5gnjXLJOi+d3p0VKtdpUFmwDw5AEVjgAlTALaiCOsDgCbyAV/BmPBvvxofxOWnNGOnMLpiC8fULe8qgug==</latexit>

P⌫�1(y + z)vs



Biased Gradient vs Projected Gradient
<latexit sha1_base64="PHHSJHOW067KeUiboz6XT90Tdqo="></latexit>

(W(k)⌦ Id) ⌫
�1(y + z)

Recall property 3
<latexit sha1_base64="EFia/o3tlAU5nEW+5qWQHGlgnEw="></latexit>

range W ⇢ {(x1, . . . , xn) 2 Rn :
Pn

i=1 xi = 0}

<latexit sha1_base64="JbdC7mEjdxXaUSRE+QtW8F80WF0=">AAACG3icbVDLSgMxFM3UV62vqhvBTbAIFbHMVFGXVTcuK/QFnbFk0kwbmskMSUaoQ/0Td271J9yJWxf+gx9hpp2FbT0QOJz7OjluyKhUpvltZBYWl5ZXsqu5tfWNza389k5DBpHApI4DFoiWiyRhlJO6ooqRVigI8l1Gmu7gJqk3H4iQNOA1NQyJ46Mepx7FSGmpk9+zfaT6rhdXR9Dm0X18Yo2Kw+PHo06+YJbMMeA8sVJSACmqnfyP3Q1w5BOuMENSti0zVE6MhKKYkVHOjiQJER6gHmlrypFPpBOPfzCCh1rpQi8Q+nEFx+rfiRj5Ug59V3cmfuVsLRH/q7Uj5V06MeVhpAjHk0NexKAKYBIH7FJBsGJDTRAWVHuFuI8EwkqHNrWpVr5y4sRdsien47Fmw5gnjXLJOi+d3p0VKtdpUFmwDw5AEVjgAlTALaiCOsDgCbyAV/BmPBvvxofxOWnNGOnMLpiC8fULe8qgug==</latexit>

P⌫�1(y + z)vs

<latexit sha1_base64="vYJusjPiQ1TabS+ZRNhflTwZ0L8="></latexit>

(W(k)⌦ Id) ⌫
�1(y + z) belongs to L?

no need for projection



Biased Gradient vs Projected Gradient
<latexit sha1_base64="PHHSJHOW067KeUiboz6XT90Tdqo="></latexit>

(W(k)⌦ Id) ⌫
�1(y + z)

Recall property 4 (contraction property)
<latexit sha1_base64="6Q/oBwiqiHHJuoBRV+XQt8c1Um0="></latexit>

kWx� xk2 
�
1� ��1

�
kxk2 for all x 2 {(x1, . . . , xn) 2 Rn :

Pn
i=1xi = 0}

<latexit sha1_base64="JbdC7mEjdxXaUSRE+QtW8F80WF0=">AAACG3icbVDLSgMxFM3UV62vqhvBTbAIFbHMVFGXVTcuK/QFnbFk0kwbmskMSUaoQ/0Td271J9yJWxf+gx9hpp2FbT0QOJz7OjluyKhUpvltZBYWl5ZXsqu5tfWNza389k5DBpHApI4DFoiWiyRhlJO6ooqRVigI8l1Gmu7gJqk3H4iQNOA1NQyJ46Mepx7FSGmpk9+zfaT6rhdXR9Dm0X18Yo2Kw+PHo06+YJbMMeA8sVJSACmqnfyP3Q1w5BOuMENSti0zVE6MhKKYkVHOjiQJER6gHmlrypFPpBOPfzCCh1rpQi8Q+nEFx+rfiRj5Ug59V3cmfuVsLRH/q7Uj5V06MeVhpAjHk0NexKAKYBIH7FJBsGJDTRAWVHuFuI8EwkqHNrWpVr5y4sRdsien47Fmw5gnjXLJOi+d3p0VKtdpUFmwDw5AEVjgAlTALaiCOsDgCbyAV/BmPBvvxofxOWnNGOnMLpiC8fULe8qgug==</latexit>

P⌫�1(y + z)vs



Biased Gradient vs Projected Gradient
<latexit sha1_base64="PHHSJHOW067KeUiboz6XT90Tdqo="></latexit>

(W(k)⌦ Id) ⌫
�1(y + z)

Recall property 4 (contraction property)
<latexit sha1_base64="6Q/oBwiqiHHJuoBRV+XQt8c1Um0="></latexit>

kWx� xk2 
�
1� ��1

�
kxk2 for all x 2 {(x1, . . . , xn) 2 Rn :

Pn
i=1xi = 0}

<latexit sha1_base64="JbdC7mEjdxXaUSRE+QtW8F80WF0=">AAACG3icbVDLSgMxFM3UV62vqhvBTbAIFbHMVFGXVTcuK/QFnbFk0kwbmskMSUaoQ/0Td271J9yJWxf+gx9hpp2FbT0QOJz7OjluyKhUpvltZBYWl5ZXsqu5tfWNza389k5DBpHApI4DFoiWiyRhlJO6ooqRVigI8l1Gmu7gJqk3H4iQNOA1NQyJ46Mepx7FSGmpk9+zfaT6rhdXR9Dm0X18Yo2Kw+PHo06+YJbMMeA8sVJSACmqnfyP3Q1w5BOuMENSti0zVE6MhKKYkVHOjiQJER6gHmlrypFPpBOPfzCCh1rpQi8Q+nEFx+rfiRj5Ug59V3cmfuVsLRH/q7Uj5V06MeVhpAjHk0NexKAKYBIH7FJBsGJDTRAWVHuFuI8EwkqHNrWpVr5y4sRdsien47Fmw5gnjXLJOi+d3p0VKtdpUFmwDw5AEVjgAlTALaiCOsDgCbyAV/BmPBvvxofxOWnNGOnMLpiC8fULe8qgug==</latexit>

P⌫�1(y + z)vs

<latexit sha1_base64="Qr7lI+FNoO1YSn1UqhfUl8V5JFo="></latexit>

k (W(k)⌦ Id) ⌫
�1(y + z)�P⌫�1(y + z)k2  (1� ��1)kP⌫�1(y + z)k2

<latexit sha1_base64="pC11HD2WacQXGj/F0ko9CI4rVuM=">AAACDHicbVC7TsMwFL0pr1JeBUaWiAqJqUoKAsYCC2NBfUltVDmu01p17Mh2QFXUX2BjhZ9gQ6z8A//AR+C0GWjLkSwdnfs6Pn7EqNKO823lVlbX1jfym4Wt7Z3dveL+QVOJWGLSwIIJ2faRIoxy0tBUM9KOJEGhz0jLH92m9dYjkYoKXtfjiHghGnAaUIy0kTrdBzoYaiSleOoVS07ZmcJeJm5GSpCh1iv+dPsCxyHhGjOkVMd1Iu0lSGqKGZkUurEiEcIjNCAdQzkKifKSqeWJfWKUvh0IaR7X9lT9O5GgUKlx6JvOEOmhWqyl4n+1TqyDKy+hPIo14Xh2KIiZrYWd/t/uU0mwZmNDEJbUeLXxEEmEtUlpblO9cu0lqbt0T8HE4y6GsUyalbJ7UT67Py9Vb7Kg8nAEx3AKLlxCFe6gBg3AIOAFXuHNerberQ/rc9aas7KZQ5iD9fULMjeb9A==</latexit>

)



Biased Gradient vs Projected Gradient
<latexit sha1_base64="PHHSJHOW067KeUiboz6XT90Tdqo="></latexit>

(W(k)⌦ Id) ⌫
�1(y + z)

Recall property 4 (contraction property)
<latexit sha1_base64="6Q/oBwiqiHHJuoBRV+XQt8c1Um0="></latexit>

kWx� xk2 
�
1� ��1

�
kxk2 for all x 2 {(x1, . . . , xn) 2 Rn :

Pn
i=1xi = 0}

<latexit sha1_base64="JbdC7mEjdxXaUSRE+QtW8F80WF0=">AAACG3icbVDLSgMxFM3UV62vqhvBTbAIFbHMVFGXVTcuK/QFnbFk0kwbmskMSUaoQ/0Td271J9yJWxf+gx9hpp2FbT0QOJz7OjluyKhUpvltZBYWl5ZXsqu5tfWNza389k5DBpHApI4DFoiWiyRhlJO6ooqRVigI8l1Gmu7gJqk3H4iQNOA1NQyJ46Mepx7FSGmpk9+zfaT6rhdXR9Dm0X18Yo2Kw+PHo06+YJbMMeA8sVJSACmqnfyP3Q1w5BOuMENSti0zVE6MhKKYkVHOjiQJER6gHmlrypFPpBOPfzCCh1rpQi8Q+nEFx+rfiRj5Ug59V3cmfuVsLRH/q7Uj5V06MeVhpAjHk0NexKAKYBIH7FJBsGJDTRAWVHuFuI8EwkqHNrWpVr5y4sRdsien47Fmw5gnjXLJOi+d3p0VKtdpUFmwDw5AEVjgAlTALaiCOsDgCbyAV/BmPBvvxofxOWnNGOnMLpiC8fULe8qgug==</latexit>

P⌫�1(y + z)vs

<latexit sha1_base64="Qr7lI+FNoO1YSn1UqhfUl8V5JFo="></latexit>

k (W(k)⌦ Id) ⌫
�1(y + z)�P⌫�1(y + z)k2  (1� ��1)kP⌫�1(y + z)k2

<latexit sha1_base64="pC11HD2WacQXGj/F0ko9CI4rVuM=">AAACDHicbVC7TsMwFL0pr1JeBUaWiAqJqUoKAsYCC2NBfUltVDmu01p17Mh2QFXUX2BjhZ9gQ6z8A//AR+C0GWjLkSwdnfs6Pn7EqNKO823lVlbX1jfym4Wt7Z3dveL+QVOJWGLSwIIJ2faRIoxy0tBUM9KOJEGhz0jLH92m9dYjkYoKXtfjiHghGnAaUIy0kTrdBzoYaiSleOoVS07ZmcJeJm5GSpCh1iv+dPsCxyHhGjOkVMd1Iu0lSGqKGZkUurEiEcIjNCAdQzkKifKSqeWJfWKUvh0IaR7X9lT9O5GgUKlx6JvOEOmhWqyl4n+1TqyDKy+hPIo14Xh2KIiZrYWd/t/uU0mwZmNDEJbUeLXxEEmEtUlpblO9cu0lqbt0T8HE4y6GsUyalbJ7UT67Py9Vb7Kg8nAEx3AKLlxCFe6gBg3AIOAFXuHNerberQ/rc9aas7KZQ5iD9fULMjeb9A==</latexit>

)



Biased Gradient vs Projected Gradient
<latexit sha1_base64="PHHSJHOW067KeUiboz6XT90Tdqo="></latexit>

(W(k)⌦ Id) ⌫
�1(y + z)

Recall property 4 (contraction property)
<latexit sha1_base64="6Q/oBwiqiHHJuoBRV+XQt8c1Um0="></latexit>

kWx� xk2 
�
1� ��1

�
kxk2 for all x 2 {(x1, . . . , xn) 2 Rn :

Pn
i=1xi = 0}

<latexit sha1_base64="JbdC7mEjdxXaUSRE+QtW8F80WF0=">AAACG3icbVDLSgMxFM3UV62vqhvBTbAIFbHMVFGXVTcuK/QFnbFk0kwbmskMSUaoQ/0Td271J9yJWxf+gx9hpp2FbT0QOJz7OjluyKhUpvltZBYWl5ZXsqu5tfWNza389k5DBpHApI4DFoiWiyRhlJO6ooqRVigI8l1Gmu7gJqk3H4iQNOA1NQyJ46Mepx7FSGmpk9+zfaT6rhdXR9Dm0X18Yo2Kw+PHo06+YJbMMeA8sVJSACmqnfyP3Q1w5BOuMENSti0zVE6MhKKYkVHOjiQJER6gHmlrypFPpBOPfzCCh1rpQi8Q+nEFx+rfiRj5Ug59V3cmfuVsLRH/q7Uj5V06MeVhpAjHk0NexKAKYBIH7FJBsGJDTRAWVHuFuI8EwkqHNrWpVr5y4sRdsien47Fmw5gnjXLJOi+d3p0VKtdpUFmwDw5AEVjgAlTALaiCOsDgCbyAV/BmPBvvxofxOWnNGOnMLpiC8fULe8qgug==</latexit>

P⌫�1(y + z)vs

<latexit sha1_base64="Qr7lI+FNoO1YSn1UqhfUl8V5JFo="></latexit>

k (W(k)⌦ Id) ⌫
�1(y + z)�P⌫�1(y + z)k2  (1� ��1)kP⌫�1(y + z)k2

<latexit sha1_base64="pC11HD2WacQXGj/F0ko9CI4rVuM=">AAACDHicbVC7TsMwFL0pr1JeBUaWiAqJqUoKAsYCC2NBfUltVDmu01p17Mh2QFXUX2BjhZ9gQ6z8A//AR+C0GWjLkSwdnfs6Pn7EqNKO823lVlbX1jfym4Wt7Z3dveL+QVOJWGLSwIIJ2faRIoxy0tBUM9KOJEGhz0jLH92m9dYjkYoKXtfjiHghGnAaUIy0kTrdBzoYaiSleOoVS07ZmcJeJm5GSpCh1iv+dPsCxyHhGjOkVMd1Iu0lSGqKGZkUurEiEcIjNCAdQzkKifKSqeWJfWKUvh0IaR7X9lT9O5GgUKlx6JvOEOmhWqyl4n+1TqyDKy+hPIo14Xh2KIiZrYWd/t/uU0mwZmNDEJbUeLXxEEmEtUlpblO9cu0lqbt0T8HE4y6GsUyalbJ7UT67Py9Vb7Kg8nAEx3AKLlxCFe6gBg3AIOAFXuHNerberQ/rc9aas7KZQ5iD9fULMjeb9A==</latexit>

)
apply Error-Feedback mechanism for biased contraction operator



Algorithm Design

<latexit sha1_base64="Vq0lmeOE8myDZDNHcu8X+rtJfWs="></latexit>�
x+, y+, z+

�
= J!B [(x, y, z)� !A(x, y, z)]

Forward-Backward Algorithm

Nesterov Acceleration
+



Algorithm Design

<latexit sha1_base64="Vq0lmeOE8myDZDNHcu8X+rtJfWs="></latexit>�
x+, y+, z+

�
= J!B [(x, y, z)� !A(x, y, z)]

Forward-Backward Algorithm

Nesterov Acceleration
+

Error-Feedback
+



Result: ADOM+



Iteration Complexity of ADOM+
<latexit sha1_base64="uffrkM5B0DHLPsX6TiX9ZtD/18A="></latexit>

O

✓
�
p
L/µ log

1

✏

◆



Iteration Complexity of ADOM+
<latexit sha1_base64="uffrkM5B0DHLPsX6TiX9ZtD/18A="></latexit>

O

✓
�
p
L/µ log

1

✏

◆

• This is an optimal communication complexity 
(we prove lower complexity bounds)


• We can reach optimal gradient computation complexity using 
multi-consensus procedure


• There is a dual-based optimal algorithm ADOM, which is 
based on similar ideas for a slightly different reformulation


