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Consider a network G = (V, &)
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Gossip Matrix

W € R""™ — gossip matrix
Property 1

W, ;i # 0 if and only if (¢,5) € Eor i =3

(yl,...,yn)T :W-(afl,...,:cn)T

|

y; € span({x, : j is a neighbor of ¢})



Gossip Matrix

W € R""™ — gossip matrix
Properties 2 and 3

ker W D {(x1,...,2,) €ER" : 21 = ...

range W C {(z1,...,x,) E R™": >

technical assumptions



Gossip Matrix

W € R""™ — gossip matrix
Property 4

there exists y > 1, such that
Wz — z||* < (1— X_l) |z||* for all x € {(z1,...,2,) ER": Y x; =0}
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Property 4

there exists X > 1 such that
HW(E — :1;'||2 (1 — X ) Ha:'HQ for all z € {(z1,...,2,) ER": > " x;, =0}

Contractin property



Gossip Matrix

W € R"*" — gossip matrix
Property 4

there exists X > 1 such that

HW:U — :1:H2 (1 —X ) Ha’;H2 for all z € {(z1,...,2,) ER": > " x;, =0}

Contractin property

| X — condition number of network |



Time-varying networks
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Time-varying networks

—

\ Q (V £ ) = Qk (V &k ) . setof edges and gossip matrix
| W — W(k) change in time




New Algorithm: ADOM+



Problem Reformulation 1

Reformulation via Lifting

A o T oo

o tasics., fLalana 2ivy Mo S e - ) 2 3 _ po
P e g o i B loaks g n s Sl o Sl e gy 2 & IO - LIRS Boic, £ -}
e R\
| B
1 i3 N
N B
3 ° ,
0 l' g
Ol . »
.- h
p "
. .‘ "
g 8
K et
Vi -y
. Ul \ g
’ q E. .0
g4 B
," o -
; o
3 pe
, -
M Ko
b ' W y 1)
| N 9
S 7
. . N : e .
\ VNS TR O U TSP e S OB VO o S Ty I I IS U, (VM o SRy B NV PO 508
o SR > Cad o= AR B SRTR JON PP U  WY RrY O -



Problem Reformulation 1

Reformulation via Lifting
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Problem Reformulation 1

Reformulation via Lifting
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Problem Reformulation 2

Saddle Point Reformulation
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Problem Reformulation 2

Saddle Point Reformulation
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Problem Reformulation 2

Saddle Point Reformulation
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Problem Reformulation 2

v € (0, p
Saddle Point Reformulation N
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Problem Reformulation 2

Saddle Point Reformulation
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Problem Reformulation 2

Saddle Point Reformulation
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Problem Reformulation 3

Monotone Inclusion Reformulation
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Problem Reformulation 3

Monotone Inclusion Reformulation
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Problem Reformulation 3

Monotone Inclusion Reformulation
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Problem Reformulation 3

: : _~Mmonotone operators
Monotone Inclusion Reformulation

N 5

VF(x) —vr —y
Az,y,z) = | v (y+2) B(z,y,z)=| « ||
| Pr='(y + 2) 0 |

-
-

(™, y",27) € (Rd)v X (Rd)v x L+

': 0=y * (y™ +2") + "
Loy + 2




Problem Reformulation 3

: : _~Mmonotone operators
Monotone Inclusion Reformulation
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Algorithm Design

Forward-Backward Algorithm
( +7y_|_ _I_) J B[(it,y,Z)—WA(I‘,y,Z)]



Algorithm Design

w — stepsize

Forward-Backward Algorif
( _|_7 y—l_ _I_) J wB [(xv Y, Z) o (23, Y, Z)]
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w — stepsize

Forward-Backward Algorithr
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dentity mapping
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Algorithm Design

w — stepsize

Forward-Backward Algori im

(at,yt,21) =

Nesterov Acceleration

iden"ty mapping



Algorithm Design

Forward-Backward Algorithm

(at,yt,21) =

Nesterov Acceleration

vy + 2)

[ Priiyta) |




Algorithm Design

Forward-Backward Algorithm
(2, y",27) = Jupl(z,y, 2) — dlz,y, 2)
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Algorithm Design

Forward-Backward Algorithm
(@7, y",2") = Jusl(z,y,2) —
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requires full averaging over the network



Algorithm Design

Forward-Backward Algorithm
(@7, y",2") = Jusl(z,y,2) —

S
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. | o PV_l(y+z) (
Nesterov Acceleration .

replace Pv—!(y + 2) with (W(E)@I) vy + 2)



Blased Gradlent VS PrOJected Gradlent

(W(k) ® Id) (y + z) Vs Pu_l (y + z)



Blased Gradlent VS Prolected Gradlent
(W(k) ® Id) (y + z) s Pu_l(y + z)

Recall property 1
W, ;i # 0 if and only if (¢,5) € Eori =7



Blased Gradlent VS Prolected Gradlent
(W(k) ® Id) (y + z) s Pu_l(y + z)

Recall property 1
W, ;i # 0 if and only if (¢,5) € Eori =7

(W (k) ®1;) v (y + z) can be computed with decentralized communication



Blased Gradlent VS Prolected Gradlent
(W(k) ® Id) (y + z) s Pu_l(y + z)

Recall property 3

range W C {(z1,...,x,) € R": > " x; =0}




Blased Gradlent VS Prolected Gradlent
(W(k) ® Id) (y + z) Vs Pu_l(y + z)

Recall property 3

range W C {(z1,...,x,) € R": > " x; =0}

(W (k) ®@1;) v (y + 2) belongs to £+

no need for projection



Blased Gradlent VS Prolected Gradlent
(W(k) ® Id) (y + z) s Pu_l(y + z)

Recall property 4 (contraction property)

Wz —z|? < (1—x") ||z||” for all z € {(z1,...,2,) ER": Y 2, =0}



Blased Gradlent VS Prolected Gradlent

| <W<k> ® Id> <y + z)

Recall property 4 (contraction property)

Wz — zf|* <
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Blased Gradlent VS PrOJected Gradlent

| <W<k> ® Id> <y + z> vs Pu—l(y B z)

Recall prop rty 4 (contraction property)
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Blased Gradlent VS PrOJected Gradlent

(W(k) ® Id) (y + z) Vs Pu_l (y + z)

Recall prop rty 4 (contraction property)
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apply Error-Feedback mechanism for biased contraction operator




Algorithm Design

Forward-Backward Algorithm
( _|_7y_|_ _I_) J B[(%,y,Z)—WA(I‘,y,Z)]

+

Nesterov Acceleration



Algorithm Design

Forward-Backward Algorithm
( _|_7y_|_ _I_) J B[(%,y,Z)—WA(I‘,y,Z)]

+

Nesterov Acceleration

+

Error-Feedback



Result: ADOM+

Algorithm 1 ADOM+

1: input: :zz,y mV E( ) Vet

2: :1:(}—:1: yf—y zf—z

3: fork=0,1,2,...do

4; :1c’gC = 112F —|— (1 — 7'1):1:’}

5. okl — ok na(x’; — k) — [VF(ZEI;) — u:c’; — yk“]

6 lJcc-|-1 lgc 7.2(:13k+1 _ a:k)

7.y =01yt + (1 - o1)y;

8: Yyt = o* + 08(VF(zg) —vay —y* ) — 0 [v ™ (y) + 27) + 2" 1]
oy = g oy — )

10: zg = 0128 4+ (1 — 0‘1)21;

11: 2Pl = 2F 4 75(z§ —2F) — (W(k) ®1,) [71/_1(y’g‘c + zg) + m*]

12: mPrtl = 71/_1(!1/9'C + zg) +mF — (W(k) ®1,) [yu_l(yg + z’g“) + m"]
13: z’}“ — zg —((W(k) ® Id)(yﬁ T ZI;)

14: end for




Iteration Complexity of ADOM+
O (X\/L/u log %)




Iteration Complexity of ADOM+
O (X\/L/u log %)

* This is an optimal communication complexity
(we prove lower complexity bounds)

 \We can reach optimal gradient computation complexity using
multi-consensus procedure

 There is a dual-based optimal algorithm ADOM, which is
based on similar ideas for a slightly different reformulation




